Abstract. In this paper, we present a common fixed point theorem by altering distances for a contractive condition of integral type in partial metric spaces.
Introduction and preliminaries
In 1994, S. G. Matthews [15] introduced the notion of partial metric as a mathematical tool to model computational processes. The concept of partial metric spaces is investigated to generalize metric spaces. In particular, the self-distance for any point need not be equal to zero.
First, we recall some definitions and properties of partial metric spaces, (see [1-9, 11, 15-19, 21-25] for more details). In the sequel, the letters R, R + and N will denote the set of all real numbers, the set of all nonnegative real numbers and the set of all natural numbers, respectively. Definition 1.1. A partial metric on a non-empty set X is a function p : X × X → R + such that for all x, y, z ∈ X:
(p1) x = y ⇔ p(x, x) = p(x, y) = p(y, y), (p2) p(x, x) ≤ p(x, y), (p3) p(x, y) = p(y, x), (p4) p(x, y) ≤ p(x, z) + p(z, y) − p(z, z).
A partial metric space is a pair (X, p) such that X is a non-empty set and p is a partial metric on X.
It is clear that, if p(x, y) = 0, then from (p1) and (p2), x = y. But if x = y, p(x, y) may not be 0. A basic example of a partial metric space is the 384 H. Aydi pair (R + , p), where p(x, y) = max{x, y} for all x, y ∈ R + . If p is a partial metric on X, then the function p s : X × X → R + given by
is a metric on X.
Definition 1.2. Let (X, p) be a partial metric space and (x n ) be a sequence in X. Then (i) (x n ) converges to a point x ∈ X if and only if p(x, x) = lim n→+∞ p(x, x n ), (ii) (x n ) is called a Cauchy sequence if lim n,m→+∞ p(x n , x m ) exists (and is finite). Definition 1.3. A partial metric space (X, p) is said to be complete if every Cauchy sequence (x n ) in X converges to a point x ∈ X, such that p(x, x) = lim n,m→+∞ p(x n , x m ).
Lemma 1.1. Let (X, p) be a partial metric space. Then (a) (x n ) is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, p s ), (b) (X, p) is complete if and only if the metric space (X, p s ) is complete.
Furthermore, lim n→+∞ p s (x n , x) = 0 if and only if
In 2002, A. Branciari [10] analyzed the existence of fixed point for mapping defined on a complete metric space satisfying a general contractive condition of integral type. After the paper of Branciari, a lot of research works have been carried out on generalizing contractive conditions of integral type for different contractive mappings satisfying various known properties. A fine work has been done by Rhoades [20] . For other results, see for instance ( [2, 12, 13, 16] , and the references therein). The aim of this paper is to present a common fixed point theorem by altering distance for a contractive condition of integral type in partial metric spaces.
Before presenting our main result, we recall some basic concepts. Let X be a nonempty set. x ∈ X is said a common fixed point of the self mappings T and S defined on X if x = T x = Sx.
Khan et al. [14] introduced the concept of altering distance function, which is a control function that alters distance between two points. (i1) ψ is continuous, (i2) ψ is monotone non-decreasing in all variables, (i3) ψ(t 1 , t 2 , t 3 , . . . , t n ) = 0 if and only if t 1 = t 2 = t 3 = · · · = t n = 0.
For ψ ∈ Ψ n , we define
Clearly, ϕ(x) = 0 if and only if x = 0. For some examples of ψ ∈ Ψ n , we can state
. . , a n ≥ 1.
In [13] , V. R. Hosseini and N. Hosseini proved the following fixed point theorem.
) be a complete metric space and S, T : X → X such that
for all x, y ∈ X where ψ 1 , ψ 2 ∈ Ψ 3 and ϕ 1 (t) = ψ 1 (t, t, t), t ∈ [0, +∞), and u : [0, +∞) → [0, +∞) is a Lebesgue integrable mapping which is summable, non-negative and such that for each ε > 0,
Then S and T have a unique common fixed point in X.
In this paper, we give the analogous of Theorem 1.1 in the class of partial metric spaces.
Main results
The following theorem is the main result of this paper.
Theorem 2.1. Let (X, p) be a complete partial metric space and
for all x, y ∈ X, where ψ 1 , ψ 2 ∈ Ψ 3 and ϕ 1 (t) = ψ 1 (t, t, t), t ∈ [0, +∞), and u : [0, +∞) → [0, +∞) is a Lebesgue integrable mapping which is summable, non-negative and such that for each ε > 0,
Then, S and T have a unique common fixed point z ∈ X. Moreover, p(z, z) = 0.
Proof. Let x 0 be arbitrary in X. We define a sequence {x n } in X as follows
Using inequality (3)
By (4), one can write
• If for some n, p(x 2n , x 2n+1 ) = 0, hence x 2n = x 2n+1 . By (4), we get a 2n = 0. Assume that a 2n+1 = 0, hence using the properties of the mappings ψ 1 and ψ 2 , we have
which implies that
and this is a contradiction. So a 2n+1 = 0. Therefore, p(x 2n+1 , x 2n+2 ) = 0, hence
i,e. x 2n+1 is a common fixed point of S and T . This completes the result. If for some n, p(x 2n+1 , x 2n+2 ) = 0, by the similar method, T and S have a common fixed point.
• Suppose that for any n ∈ N, p(x n , x n+1 ) > 0, that is, a n = 0. If a 2n+1 > a 2n , then from (5),
which is a contradiction. We deduce that (6) a 2n+1 ≤ a 2n .
Now using inequality (3) and by an identical argument, we find (7) a 2n ≤ a 2n−1 for any n ∈ N * .
By (6) and (7), we obtain that (8) a n+1 ≤ a n ∀ n ∈ N.
The sequence {a n = p(x n , x n+1 )} is monotone non-increasing, hence there exists r ≥ 0 such that
Assume that r > 0. Letting n → +∞ in (5), using the continuities of ψ 1 and ψ 2 , we get
Since r > 0, hence ϕ 1 (r) > 0 and
it is a contradiction. Thus, r = 0, that is,
By definition of p s given by (1), we have p s (x, y) ≤ 2p(x, y), so from (9)
Now, we show that {x n } is a Cauchy sequence in the partial metric space (X, p). It suffices to show that {x 2n } is Cauchy in (X, p). From Lemma 1.1, we need to prove that {x 2n } is a Cauchy sequence in the metric space (X, p s ). Suppose to the contrary, then there is an ε > 0 such that for an integer k there exist integers n(k) > m(k) > k such that
For every integer k, let m(k) be the least positive integer exceeding n(k) satisfying (11) and such that
Now, using (11) and (12) 
Then by (10) , it follows that
Also, by the triangle inequality, we have
By using (10)- (13) we get
On the other hand, by definition of p s ,
hence letting k → +∞, from (13), (14) and the condition (p3) in (9), we conclude that
Putting x = x 2n(k) and y = x 2m(k)−1 in (3), we obtain
Letting n → +∞, by properties of ψ 1 and ψ 2 , we obtain from (9) and (15)
it is a contradiction. Therefore, {x n } is a Cauchy sequence in the metric space (X, p s ). From Lemma 1.1, (X, p s ) is a complete metric space. Then there is z ∈ X such that
Again, from Lemma 1.1, we have
But, from (9) and (p2), we have lim
Let us prove that z = T z = Sz, that is, z is a common fixed point. Putting x = x 2n and y = z in (3), we get that
In view of (16), one can find lim n→+∞ p(x 2n , T z) = p(z, T z). Hence, letting n → +∞ in the above inequality, we get from the continuity of ψ 1 and ψ 2
Assume that p(z, T z) > 0, hence
It follows that
that is a contradiction. Hence, p(z, T z) = 0, so T z = z. Similarly, z = Sz. Now, we prove the uniqueness of the common fixed point of T and S. Let w ( = z) be such that w = T w = Sw, hence p(z, w) = 0. By inequality (3), we have
which is a contradiction, so w = z. This completes the proof.
Corollary 2.1. Let (X, p) be a complete partial metric space and S : X → X such that
Then S has a unique fixed point z ∈ X. Moreover, we have p(z, z) = 0.
Proof. Let T = S and apply Theorem 2.1.
Corollary 2.2. Let (X, p) be a complete partial metric space and S, T : X → X such that Then S and T have a unique common fixed point in z ∈ X. Moreover, we have p(z, z) = 0.
Proof. It follows by taking ψ 1 (t 1 , t 2 , t 3 ) = t 1 + t 2 + t 3 and ψ 2 (t) = max{t 1 , t 2 , t 3 } in Theorem 2.1. Note that we have used ϕ 1 (p(Sx, T y)) = 3p(Sx, T x) ≥ p(Sx, T y), so Corollary 2.3. Let (X, p) be a complete partial metric space and S, T : X → X such that (19) ϕ 1 (p(Sx, T y)) ≤ ψ 1 (p(x, y), p(Sx, x), p(T y, y)) − ψ 2 (p(x, y), p(Sx, x), p(T y, y)),
for all x, y ∈ X where ψ 1 , ψ 2 ∈ Ψ 3 and ϕ 1 (t) = ψ 1 (t, t, t), t ∈ [0, +∞). Then S and T have a unique common fixed point z ∈ X. Moreover, we have p(z, z) = 0.
Proof. Let u = 1 and apply Theorem 2.1.
Corollary 2.4. Let (X, p) be a complete partial metric space and S, T : X → X be two mappings. Assume that there exists k ∈ [0, 1) such that (20) p(Sx, T y)) ≤ k max{p(x, y), p(Sx, x), p(T y, y))} for all x, y ∈ X. Then S and T have a unique common fixed point z ∈ X. Moreover, we have p(z, z) = 0.
Proof. Let ψ 1 (t 1 , t 2 , t 3 ) = max{t 1 , t 2 , t 3 }, ψ 2 (t 1 , t 2 , t 3 ) = (1 − k) max{t 1 , t 2 , t 3 } and apply Corollary 2.3.
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